We derive analyticity constraints on a nonlinear ghost-free effective theory of a massive spin-2 particle known as pseudo-linear massive gravity, and on a generalized theory of a massive spin-1 particle, both of which provide simple IR completions of Galileon theories. For pseudo-linear massive gravity we find that, unlike dRGT massive gravity, there is no window of parameter space which satisfies the analyticity constraints. For massive vectors which reduce to Galileons in the decoupling limit, we find that no two-derivative actions are compatible with positivity, but that higher derivative actions can be made compatible.
I. INTRODUCTION AND SUMMARY
In recent years great progress has been made in constructing and understanding effective field theories of massive spin-2 particles, i.e. theories of massive gravity. Most notably, the construction of de Rham, Gabadadze and Tolley (dRGT) [1] has been shown to be free of the extra degree of freedom known as the Boulware-Deser ghost [2, 3] (see [4, 5] for reviews). The dRGT theory consists of the Einstein-Hilbert term plus a specific twoparameter potential. It is a low energy effective field theory with a strong coupling scale Λ 3 ≡ (m 2 M p ) 1/3 , where m is the graviton mass, and M p is the Planck mass appearing in front of the Einstein-Hilbert term.
An outstanding question is whether or not dRGT massive gravity can be UV completed. Completion could require the addition of new heavy degrees of freedom, or the theory may already be complete but require an understanding of strongly coupled quantum effects at high energies (i.e., asymptotic safety).
However, there are results in the literature that would seem to suggest that a local Lorentz invariant UV completion of massive gravity is not possible. In general, the requirements of S-matrix analyticity and unitarity in a local and Lorentz invariant UV theory puts constraints on the values of certain couplings in the low energy theory. The simplest such constraints come from analyticity requirements on the four-particle amplitude in the forward limit (see, e.g., [6] ). When these constraints are applied to a specific scalar theory with an enhanced shift symmetry known as the Galileon [7] , the theory is found to lie right on the border of the region inside of which these constraints are satisfied, and thus marginally fails the constraints [6] . (However, there are subtleties with the assumptions involved when these constraints are applied to massless particles such as the Galileon.) In a high energy limit where the strong coupling scale is held fixed, known as the decoupling limit, the helicity-0 mode of the massive graviton behaves like the Galileon 1 . Thus it might be assumed that dRGT massive gravity inherits the same issues with analyticity constraints.
Recently, in a very interesting paper [9] , it was shown that in the full dRGT massive gravity, interactions present away from the decoupling limit can push the theory away from this border and off to either side, depending on the choice of parameters. A window of parameter space opens up in which the analyticity constraints are satisfied. Within this window dRGT massive gravity can be thought of as an "IR completion" of the Galileon which may allow for a standard Lorentz invariant UV completion.
In this paper we explore other IR completions of the Galileon and their analyticity constraints. In fact, dRGT massive gravity is not the unique ghost-free interacting massive spin-2 with a Λ 3 strong coupling scale. There is also the possibility of "pseudo-linear" massive gravity [10] , which does not have Einstein-Hilbert interactions. Pseudo-linear massive gravity has three interactions terms. Two of these are potentials, and have a decoupling limit identical to that of dRGT, so this theory provides an alternative IR completion of the Galileon. The third interaction term is a non-Einstein two derivative cubic interaction [11] , which has no known dRGT counterpart [12] [13] [14] .
The pseudo-linear theory has a much simpler structure than the dRGT theory. In particular, it does not have the complicated non-linearities of the Einstein-Hilbert term. Because of this relative simplicity, it might be easier to find a UV completion for the pseudo-linear theory, should it satisfy the analyticity constraints.
Here, we compute four-particle forward limit analyticity constraints for the three parameter pseudo-linear massive gravity. We find that, unlike the case of dRGT massive gravity, there is no window of parameter space for which the positivity constraints are obeyed.
As another example of an IR completion of the Galileon, we also consider a self-interacting massive vector boson. In particular, we focus on a massive vector whose helicity-0 mode gives a Galileon theory in the decoupling limit. In this case, we find that no twoderivative Lagrangian satisfies positivity, but with the addition of higher derivative terms, positivity can be satisfied.
It is important to keep in mind what the analyticity constraints tell us. The analyticity constraint we are discussing is a constraint on the four-particle S-matrix in the forward limit. Satisfying this constraint is a necessary but not sufficient condition for UV completion by a local Lorentz invariant quantum field theory. It is not sufficient because even if this forward limit four-particle constraint is satisfied, there could always be further constraints on higher point amplitudes, at different kinematics, or other considerations entirely, that are not satisfied. On the other hand, if these constraints are violated, it does not mean that the effective field theory is inconsistent. It simply means that the UV completion, if it exists, is not a local Lorentz invariant field theory of the usual type. It could be something more unusual; perhaps not strictly local (for example the proposal of [15] for the Galileon, or [16] for wrong sign DBI in two dimensions), not Lorentz invariant, or not a field theory at all.
II. PSEUDO-LINEAR MASSIVE GRAVITY
In this section we review the pseudo-linear theory of massive gravity. For further details, see [10] . The quadratic part of the Lagrangian is the Fierz-Pauli Lagrangian [17] describing a pure spin-2 particle of mass m using a symmetric tensor field h µν ,
In four dimensions there are three possible pseudo-linear terms we can add to (1) such that the total number of degrees of freedom are unchanged,
Here λ 1 , λ 3 , λ 4 are dimensionless couplings and M p is a mass scale suppressing powers of the field. (One of the λ's is redundant and can be absorbed into M p , but we will keep all three explicit so as to keep track of signs and when coefficients vanish.) The first of these terms L 2,3 is a two-derivative cubic interaction that is not the cubic truncation of Einstein-Hilbert,
where we anti-symmetrize with weight one. The latter two terms L 0,3 and L 0,4 are symmetric polynomials in
The overall scaling on m and M p is chosen so that one indeed recovers a Galileon theory for the helicity-0 mode of the massive graviton in the limit m → 0 and
Specifically, just as in dRGT massive gravity, the zero-derivative terms generate the Galileon terms for the helicity-0 mode in this "decoupling" limit, as well as a mixing term between the helicity-0 and helicity-2 modes. Differing from dRGT, the derivative interaction L 2,3 gives a new contribution to the scalar-tensor sector in the decoupling limit.
III. CONSTRAINTS
To derive constraints on the parameters λ 1 , λ 3 , and λ 4 , we follow the procedure of [9] and refer readers there for further details (see also [18] ). We consider the four-particle amplitude A(s, t) for the scattering of some crossing-symmetric choice of polarizations of our spin-2 particle. This amplitude is that of an assumed UV complete theory whose low energy limit is our pure spin-2 effective field theory. We take the forward limit t → 0 and consider the quantity f defined by the contour integral
Here µ is an arbitrary mass scale taken to be in the interval 0 < µ 2 < 4m 2 . The contour Γ is chosen such that it encircles the single particle poles s = m 2 , s = 3m 2 and s = µ 2 . The single particle poles come from tree level exchange in the effective theory, and so their residues and hence f can be computed at tree level solely within the effective theory. Given unitarity and locality and the fact that our theory has a mass gap, the Froissart bound applies [19, 20] and one can deform the contour to encircle the multi-particle branch cuts starting at s = 4m 2 and s = 0, dropping the vanishing boundary contour at infinity. By the optical theorem and crossing symmetry, the value obtained from encircling the branch cuts is related to the total cross section which must be positive, so one finds that (6) must be strictly positive for a theory with any non-trivial interaction:
We proceed to calculate f for the pseudolinear theory (2). The amplitude goes as A(s, 0) ∼ s 2 in the forward limit, as it does in dRGT, and it is these s 2 parts of the amplitude which are constrained by positivity. We will only need to consider the scattering of external polarizations that are purely tensor (T), vector (V) or scalar (S). As for dRGT massive gravity, the result is independent of the arbitrary mass scale µ. We find:
Here we refer to [9] for notation and conventions of the polarizations. In particular, the "+" and "−" subscripts correspond to choosing polarizations that are parallel and orthogonal respectively.
We can see from these results that there is no choice of parameters that satisfies positivity bounds for all helicities. From f (T T T T ) − we see that we must have λ 1 = 0. We may then scale the Planck mass, and flip the sign of h µν if necessary, to set λ 1 = 1. Putting this into f (V V V V ) + , the resulting polynomial in λ 3 never achieves a positive value. Thus, unlike dRGT massive gravity, there is no window of parameter space consistent with positivity constraints.
IV. MASSIVE VECTOR
It is natural to ask whether other theories, perhaps even simpler ones, can provide an IR completion of the Galileon consistent with positivity. For instance, one might wonder if the tensor modes of the massive graviton are needed or if a window of positivity can be found for a theory that contains only massive vector modes. Theories of ghost-free massive vectors have attracted interest recently [21] [22] [23] [24] [25] [26] [27] [28] , and within this class there are examples where the longitudinal mode behaves like a Galileon in the massless limit.
Here, we consider the most general two-derivative theory of a massive vector whose helicity-0 mode has Galileon interactions in the decoupling limit,
with F µν ≡ ∂ µ A ν − ∂ ν A µ . We only need terms up to fourth order in the fields because we are only considering constraints from tree-level four-particle scattering. To see the Galileon limit, we extract the behavior of the helicity-0 mode of the massive vector by making the replacement,
and then taking the limit m → 0 and M p → ∞ with
This is the action for a cubic and quartic Galileon [7] . Thus the scattering amplitude for the longitudinal mode goes like ∼
at high energy, just as in dRGT massive gravity, but will acquire an O(s 2 ) part beyond the decoupling limit which will be constrained by the positivity analysis.
We perform the same analysis as above for the massive vector Lagrangian (9) and consider scattering for pure vector and scalar states. We find
From this we see that, while the components involving the scalar polarization can be made positive, no choice of coefficients is consistent with
The values of f , however, are sensitive to higher derivative operators which we have neglected by restricting to a two-derivative action in (9) . And, unlike the case of pseudo-linear massive gravity, such terms can be included without introducing extra degrees of freedom into the theory. For example, the following gauge invariant 4-derivative operators familiar from the Euler-Heisenberg Lagrangian,
do not affect the decoupling limit (11) nor do they introduce additional degrees of freedom. But they do add the contributions
to (12) , which now allows for positivity for the definite helicity scattering.
In fact, one can show that certain choices of parameters can give f > 0 for any linear combination of polarizations and not just definite helicity scattering. For instance, one can make the following parameter choice:
which gives
2 )(wV
where vV 1 , vV 2 and vS are respectively the coefficients of the two vector and one scalar polarizations of the first incoming particle and wV 1 , wV 2 and wS are respectively the coefficients of the two vector and one scalar polarizations of the second incoming particle. As can be seen from (16), f is a sum of squares for this choice of parameters and is thus always positive regardless of the choice of polarizations.
V. CONCLUSIONS
We have derived positivity constraints on the fourparticle amplitude of the pseudo-linear massive spin-2 theory and two-derivative generalized Proca theories with Galileon decoupling limits. We have shown that these simple ways of embedding the Galileon into an IR theory do not have the same success as dRGT massive gravity when it comes to obeying positivity constraints. However, in the case of the generalized Proca theory, these constraints can be satisfied with the inclusion of higher derivative terms like those of the Euler-Heisenberg Lagrangian.
The failure of certain theories to obey positivity constraints does not mean they are necessarily inconsistent: it means that a UV completion, if it exists, must violate either strict locality, Lorentz invariance, unitarity, or some other assumption usually made in quantum field theory, and so must be something more exotic. In contrast, it is possible that dRGT massive gravity may possess an ordinary, local and Lorentz invariant UV completion, at least within the window of parameter space identified in [9] . Within the class of known ghost-free non-linear massive spin-2 theories, our results suggests that the presence of the Einstein-Hilbert interactions are necessary for such a completion.
